The dynamics of geometrically non-linear flexible filaments play an important role in a host of biological processes, from flagella-driven cell transport to the polymeric structure of complex fluids. Such problems have historically been computationally expensive due to numerical stiffness associated with the inextensibility constraint, as well as the often non-trivial boundary conditions on the governing high-order PDEs. Formulating the problem for the evolving shape of a filament via an integral equation in the tangent angle has recently been found to greatly alleviate this numerical stiffness. In this manuscript, we combine this approach with the method of regularized stokeslets to enable the computationally-efficient simulation of multiple filaments interacting non-locally. The proposed method is benchmarked against a non-local bead and link model, and recent code utilizing a local drag velocity law. Systems of multiple filaments (1) in a background fluid flow, (2) under a constant body force, and (3) undergoing active self-motility are modeled efficiently. Buckling instabilities are analyzed by examining the evolving filament curvature, as well as by coarse-graining the body frame tangent angles using a Chebyshev approximation for various choices of the relevant non-dimensional parameters. From these experiments, insight is gained into how filament-filament interactions can promote buckling, and further reveal the complex fluid dynamics resulting from arrays of these interacting fibers. By examining active moment-driven filaments, we investigate the speed of worm-and sperm-like swimmers for different governing parameters. The MATLAB R implementation is made available as an open-source library, enabling flexible extension for alternate discretizations and different surrounding flows.
I. INTRODUCTION
Flexible filaments are ubiquitous in the natural world, and thus a clear understanding of their behavior is paramount in many biological problems. Models for simulating the dynamics of these filaments, while plentiful, have historically been mathematically complex and numerically expensive, with even simple computational experiments taking in the order of hours or even days to solve (see Moreau et al . for detailed benchmarking [1] ).
Numerous other methods have been proposed that tackle micro-scale filament problems.
Jayaraman et al. [2] used a bead and spring method to model non-local buckling dynamics of a filament in extensional flow, a construction which forms the base of the bead and link model (BLM) described in App. A. Inextensibility in these approaches is enforced by the prescription of large spring constants between each bead, contributing to the numerical stiffness of the systems. The bead and spring model framework is similar to the gears model used by Delmotte et al. [3] , which instead satisfies inextensibility by imposing a non-holonomic constraint to ensure non-penetrability between adjacent beads. However, as a result, large numbers of points are required to represent a single filament. In a landmark recent study of group sperm dynamics, Delmotte et al. modeled large arrays of fibers accounting for non-local effects by employing the force coupling method [4] , which involves computation of Lagrange multipliers to ensure filament inextensibility.
A recent promising development via Moreau et al. [1] , referred to as coarse graining, is based on reformulating the problem via an integral equation with the filament tangent angle as the dependent variable. The method, initially developed using a local hydrodynamic drag law, provides an efficient framework for simulating non-interacting filament dynamics. This approach builds upon the early studies of Brokaw [5, 6] and Hines & Blum [7] , and contrasts with Cartesian formulations [8, 9] . In the present manuscript, we build upon this work to incorporate recent developments in the regularized stokeslet method [10, 11] , thus enabling efficient and accurate simulation of the dynamics of multiple non-locally interacting passive and active filaments in ambient flows.
The potential applications for a fast and accurate filament modeling framework are numerous.
There has long been interest in understanding the mechanics and regulation of sperm flagellar movement, in particular problems relating to: understanding the mechanical structure and motor regulation [5, [12] [13] [14] , investigating the response of the flagellar beat to its environment [15] [16] [17] , understanding the dynamics of sperm due to a surrounding micro-environment [18, 19] , and studying the effect of viscosity on sperm swimming [20] . For a detailed review surrounding the importance of the sperm flagellum see Gallagher et al. [21] . Furthermore, such a method could be used to investigate phenomena associated with epithelial cilia driven flows such as: cilia waveform modulation by length [5] , the effects of flow induced by cilia on embryonic development [22] , studying the physical limits of flow sensing [23] , and investigating the mechanical structure of the axoneme in cilia [24] . Another avenue of active-filament research to which the proposed framework could be applied is magnetic swimmers [25] . These models have wider interest in the field of synthetic biology, with particular application to microscopic bacteriophage-based fibre sensors [26] [27] [28] and flexible filament microbots [29] . The proposed framework could be used to further investigate the dynamics of bundles of filaments [30] , and additionally has applications in the multi-scale studies of complex polymeric fluids, and flagellar movement through them [31, 32] .
We will extend the framework introduced by Moreau et al. [1] , augmenting and reformatting their formulation with the method of regularized stokeslets of Cortez et al. [33, 34] . These methods have proven to be accurate and effective in modeling the hydrodynamics in various multiple-fiber scenarios [35, 36] . The method of regularized stokeslets enables the modeling of non-local hydrodynamics within and between filaments, and between filaments and surrounding structures. The method is implemented in a numerically efficient manner, retaining the computational economy and low hardware requirements inherited from the Moreau et al.
formulation.
The structure of this manuscript is as follows: in Sec. II, the EIF for a single filament is formulated. In Sec. III, alterations to the EIF for various single-and multi-filament scenarios are presented. Verification and benchmarking of the method is given in Sec. IV. Simulation results of the problems presented in Sec. III are then presented in Sec. V, followed by discussion of said results and of further possible applications in Sec. VI. The MATLAB R code for the methods described within this report are provided in the associated GitLab repository.
II. MODEL FORMULATION
The dynamics of elastic filaments in Stokes flow will be modeled by constructing integral operator formulations of the governing fluid and elastodynamic equations. Each filament is described by the time-evolving tangent angle θ(s, t) along its arclength. Taking X 0 (t) to be the leading point at time t, the filament geometry is then given by
where s ∈ [0, 1] and θ ∈ [−π, π) are the dimensionless arclength (scaled by the filament length L) and tangent angle respectively. The velocity of a point on the filament is given by differentiating Eq. (1) with respect to dimensionless time, scaled by τ . The behavior of planar filaments in a Newtonian fluid is considered, which can be described by the three-dimensional dimensionless Stokes flow equations,
where u(x, t) is fluid velocity and p(x, t) is pressure. As shown by Cortez [34] , an approximate solution to Eq. (2) is given by the regularized stokeslet integral,
where f (s, t) is the force per unit length exerted by the filament on the fluid, nondimensionalized with the scaling µL/τ for the given fluid dynamic viscosity µ. The error arises from the regularization of the stokeslet, for a chosen regularization parameter 0 < ε 1, where p = 1 or 2 in the near-and far-field respectively. Summation convention dictates that repeated indices are summed over and unrepeated indices range over {1, 2, 3}.
The kernel of the integral in Eq. (3) is known as the regularized stokeslet, defined
yields the regularized stokeslet integral equation
Inertialess dynamics requires that the filament is force and moment-free at each instant,
The integral formulation for the hydrodynamic problem thus comprises Eqs. (5), (6) and (7).
Next, the elastic behavior of the filaments is considered.
The integral operator for the elastodynamic behavior is formulated by considering the force and moment balance over an infinitesimal segment of a filament. We denote by N (s, t) and M (s, t) the contact force and contact moment respectively exerted by a distal segment of filament [s, 1] on a proximal segment [0, s). Constitutively linear elasticity and bending in the xy-plane implies that the dimensional contact moment relates to the curvature via
where EI is the bending modulus of the filament. The fluid dynamic force density f (s, t) and N (s, t) are related by
Under the assumption of free boundary conditions, the contact force and moment are zero at each end of a filament. Moment balance over the infinitesimal segment reveals that the contact force and moment are related as
Integration of of Eq. (10) over a distal segment [s, 1] yields, on application of the moment-free boundary condition and Eq. (9),
Application of the the force-free condition N (1, t) = 0, the constitutive Eq. (8) , and the choice of time scale τ = µL 4 /EI, gives the non-dimensionalized integral formulation for the filament tangent angle evolution
Combining Eqs. (1), (5), (6), (7), and (12), we obtain the elastohydrodynamic integral formulation (EIF) for the evolution of a filament in Stokes flow
where
and
with unknowns X 0 (t), θ(s, t) and f (s, t). In solving the EIF for a particular physical problem, we must specify the initial positions X 0 (0) and θ(s, 0).
A. Spatial discretization of the EIF
To solve the EIF, we spatially discretize filaments to obtain a set of integro-differential equations which can be numerically evaluated. Dividing the arclength domain into Q segments of length ∆s = 1/Q, the positions of the resulting segment endpoints ('joints' of the piece-wise linear filament) are denoted as
The angle connecting
The positions of the joints are given, in terms of the initial point X [1] (t) and discretized tangent angleθ [n] (t) as
with the segment mid-points
for each m = 1, . . . , Q. An illustration of this discretization is displayed in Fig. 1 . Differentiating Eq. (20) with respect to time yields the kinematic equation for the segment velocities.
For the fluid dynamics, rather than using a conventional (and potentially expensive), quadrature rule for evaluating the rapidly-varying kernel S ε jk , we employ the method of Smith [37] . By approximating the force density in Eq. (13) as piece-wise constant along each segment, the kernel can be analytically integrated, reducing the level of quadrature needed to evaluate the slowly-varying force density (for higher-order force discretizations see Cortez [10] ). Writing
with a piece-wise linear discretization for the filament,
we obtain the spatially discrete equation,
The integral in Eq. (24) can be calculated exactly by transforming to a local coordinate system in which one axis is aligned with the segment tangent (details are given in App. B,
Eqs. B1-B3 of [37] , although note that the simplified form for the near-field integral in Eq. B4
contains a typographical error in the δs/ε fraction, which is upside-down). For brevity we denote the integral in Eq. (24) as I
[m,n] jk (t; ∆s, ε), yielding the system of linear equations,
with the force and moment balance equations given in Eqs. (6) and (7) discretized via the midpoint rule as
The semi-discrete form of the EIF is then
where m = 1, . . . , Q − 1 in Eq. (30) and m = 1, . . . , Q in Eq. (31) and (33) .
By using Eqs. (32) and (33) , the variablesX
can be eliminated from Eqs. (29) , (30) and (31). The resulting system is then linear in
Hence, given the discrete configuratioñ
, the rate of change of position and angle can be found by solving a dense (3Q + 2) × (3Q + 2) system of linear equations. Thus, the semi-discrete system can be expressed concisely as an autonomous non-linear initial value problem,
. This can be written as the matrix system,
where A is a (3Q + 2) × (3Q + 2) block matrix and b is a 3Q + 2 column vector. The matrix blocks of A (A E , A K , and A H ) encode the elastodynamic, kinematic, and hydrodynamic equations given by Eqs. (30), (33) and (31) respectively. In the vector b, the first entry corresponds to the moment balance on the whole filament (Eq. (29)), the subsequent Q rows are the moment balance about each interior joint (Eq. (30)), and the next 2 rows correspond to the total force balance (Eq. (28)). The remaining zero entries correspond to the equivalence between the hydrodynamic and kinematic velocities (Eqs. (31) and (32)). The matrix system given in Eq. (35) is solved at each time step using the MATLAB R backslash "\" command, and the resulting rates vectorẎ is integrated using the built-in stiff ODE solver ode15s.
Note that while the matrix system is stiff (particularly for linear filament shapes), it is less stiff than the systems produced by other methods requiring the addition of inextensibility constraints.
III. SINGLE AND MULTI-FILAMENT PROBLEMS
In the following section, we apply the EIF framework described in Sec. II to problems involving single or multiple filaments in the presence of body forces, surrounding flow, or undergoing self-powered propulsion.
A. A single passive filament in shear flow
We investigate the dynamics of a single passive filament in a linear shear flow, u * s = γ x * 2 (s * , t * ) e y , with shear rateγ. The use of * denotes a dimensionful quantity. Nondimensionalizing with respect to the length of the filament L, time scale τ =γ −1 , and force density scaling µLγ (where µ is the dynamic viscosity of the surrounding fluid), yields the non-dimensionalized equation for the hydrodynamic velocity
Additionally, from the dimensional version of Eq. (16), together with the scalings defined above, we obtain the non-dimensionalized elastohydrodynamic integral equation
where the dimensionless viscous-elastic parameter The hydrodynamic shear flow equation (given in Eq. 38) is semi-discretized following the steps in Sec. II to obtain
The system of equations for a single passive filament in shear flow is thus given by Eq. (35) but with the alterations
and where the unknown vectorẎ remains unchanged from Eq. (34).
B. A single passive filament sedimenting under gravity
The EIF method also allows for implementation of a body force to the system. In this section, the simulation of passive filaments sedimenting under gravity is considered. Assuming uniform mass per unit length ρ, the force per unit length due to gravity acting upon the filament is −ρge y . Non-dimensionalizing with respect to the filament length L, time scaling τ = µL 4 /EI, and force density µL/τ , addition of the gravitational force density produces the force and moment balance equations
where X c (t) is the center of mass of the filament, f (s, t) is the hydrodynamic force per unit length the filament exerts on the fluid, and G is the elasto-gravitational parameter
Following a derivation similar to that presented in Sec. II, the elastohydrodynamic equation is found as
which, taken with Eqs. 44 and 45, have spatially discretized forms
As in Sec. II A, we form a matrix system encoding Eqs. (48) to (50)
which can be solved to find the filament velocities (37)) after expansion and rearrangement of Eqs. (48), (49), and (50).
C. A single active filament
For the problems considered in Secs. III A and III B, we can consider active filaments by including a time-dependent moment density term added to the elastodynamic formulation given in Eq. (16) . The moment balance in Eq. (10) is extended
where m(s, t) is the moment per unit length that drives the actuation of the filament. Continuing the non-dimensionalization as in Sec. II, with time scaling τ = ω −1 , yields the nondimensionalized elastohydrodynamic equation for a single active filament
where S is the dimensionless swimming number, defined
with ω being the angular velocity of the swimming beat prescribed to the filament. Note that the swimming parameter is different from the commonly-used sperm number Sp, which has dependence on a chosen resistance coefficient. Following work by Gadêlha and MontenegroJohnson et al. [8, 18] , the active moment m(s, t) is set as a traveling wave with amplitude m 0 , wave number k and angular frequency ω. The semi-discretized form of Eq. (53) is
where we denote the (analytically) integrated active moment
D. Multiple passive filaments in stationary fluid
The EIF can be used to simulate the dynamics of large groups of filaments, accounting for the non-local hydrodynamic interactions between them. The intricacies of discretizing the multiple filament problem require that we reintroduce some of the notation previously defined. The continuous position of the n th filament is denoted by X [n] (s, t), and in the discretized forms, the m th joint of the n th filament is written X [n; m] (t). This notation is similarly applied to all other equation variables.
The continuous elastodynamic and kinematic equations presented in Sec. II apply to each filament in the system. Similarly, total force and moment balance is preserved over each filament. The continuous non-dimensionalized, non-local hydrodynamic velocity integral equation is extended to include the hydrodynamic interactions between the selected fiber and all others in the system. For a system of independently relaxing filaments, interacting with each other through the fluid, this equation reads
The hydrodynamics equation (Eq. (57)) discretizes as,
where the kernel has the form
As in the single filament cases, the semi-discrete multiple filament equations can be expressed as an autonomous non-linear initial value problem. 
system of linear equations. At each time step the matrix system is
where,
and the vectorsẎ and b are writteṅ
We now consider the multi-filament extensions to the problems in Secs. III A and III B.
E. Multiple passive filaments in shear flow
The non-dimensionalized continuous hydrodynamic and elastodynamic equations for a system of n = 1, . . . , N equal-length filaments in shear flow are
which have semi-discretized forms given by
for each filament n = 1, . . . , N . We are free to choose the viscous-elastic parameter V [n] for each filament independently. In the matrix system, the elasticity block A E , encoding Eq. (67) is written
and the right-hand side vector b is altered
F. Multiple passive filaments sedimenting under gravity
The non-dimensionalized continuous total force and moment balance equations for a system of n = 1, . . . , N equal-length filaments sedimenting under gravity are
where X 
G. Multiple active filaments
For a system of multiple active filaments, the hydrodynamics equation is constructed depending upon the surrounding fluid flow or any acting body forces, as presented in Secs. III E and III F. We combine this with the multiple filament moment balance equation
for each n = 1, . . . , N filament in the system, and S [n] can be chosen on a per-filament basis.
We discretize Eq. (75) in the same way as in Sec. III E, with the semi-discretized active moment term
included on the left hand side of Eq. (67). In the resulting matrix system, the elastodynamic block A E has the same form as in Eq. (68), and the right hand side vector b is
with the appropriate alterations detailed in Secs. III E and III F for active filaments in a surrounding flow and under a gravitational body force respectively.
IV. MODEL VERIFICATION
To verify the accuracy and efficacy of the EIF, we compare the computed dynamics of a single relaxing filament between the proposed method and a high resolution bead and link method (BLM) formulation. Based upon the work of Jayaraman et al. [2] , the BLM (detailed in App. A) accounts for non-local hydrodynamic interactions, and when highly resolved, provides accurate solutions. For this reason, the BLM is used to both verify the proposed EIF method, and as a reliable point of comparison between other existing methods. We consider the case of an initially parabolic filament which is allowed to relax with no external forcing. This experiment is simulated using each of four methods:
1. EIF-RSM: the proposed EIF method, which uses regularized stokeslets to account for non-local hydrodynamic interactions, In (a), the geometry of the relaxing rod experiment is displayed, comparing the shape at t = 0 and t = 0.02 for the EIF-RSM with Q = 100 to the high-resolution BLM with Q = 200. In (b), the root mean-squared error E is calculated between the Cartesian solution data for a relaxing filament at t = 0.02 modeled using a finely-discretized BLM formulation and (1) EIF-RSM, (2) EIF-RFT i.e. the EIF method but using a resistive force approximation (see App. B), and (3) MGG, the EIF method proposed by Moreau et al. [1] . In (c), a logarithmic plot of the total wall time T against level of discretization Q for the EIF-RSM, MGG and BLM methods.
We include the EIF-RFT method to verify the equivalence of the elastodynamic construction within the proposed method, with that of Moreau et al.. Fig. 2b , where we plot the root mean-squared error between the position of the filament described by each model against that of the high-resolution BLM.
Here we see excellent convergence, with the root mean-squared error being minimal for even small values of Q. Comparisons with MGG and EIF-RFT are also presented in this figure.
While it might be counter-intuitive that the local hydrodynamic models initially increase in error with Q, this is due to drift in the center of mass that the non-local methods correctly capture. Increasing Q in the local methods leads to increasingly resolved shape of the relaxing filament, leading to the convergence of this error. These comparisons highlight the change in dynamics when considering the inclusion of non-local hydrodynamics for even a simple single filament problem.
Moreau et al. demonstrated the significant reduction in computational cost achieved when formulating elastohydrodynamic problems as an integro-differential equation. With the added complexity of including non-local hydrodynamic modeling, the EIF-RSM still performs very well. In Fig. 2c we plot logarithmic comparisons of the simulation runtime for each of EIF-RSM, MGG, and BLM formulations. It it unsurprising that the local hydrodynamic formulation (MGG) outperforms the methods with non-local interactions due to reduced complexity of the problem. The EIF-RSM and BLM method perform on par for increasing Q. However, the BLM method requires large numbers of beads in order to accurately capture the correct filament dynamics (see App. A), while the EIF-RSM can achieve similar accuracy with fewer than half of the degrees of freedom required by the BLM (see Fig. 2b ).
V. RESULTS
In the following section, results from the numerical experiments outlined in Sec. III are pre- second row of Fig. 3 .
At a critical values of V, unstable buckling can occur. For example, when V = 3.4 × 10 4 , a higher-order buckling mode initially forms (row three of Fig. 3 ) but collapses into a lowerorder mode. In Fig. 4 , the filament evolution highlighted in Fig. 3 is displayed as a curvature plot in arclength and time. The unstable higher-order mode can be clearly seen collapsing into a lower-order configuration, indicated by the two dotted lines in Fig. 4a . Increasing V further ensures that a higher-order mode is stable throughout the compression phase (Fig. 4b) .
Filaments described by large values of V require correspondingly large values of Q to be used in order to correctly resolve the filament shape. For the extreme case of V = 3 × 10 5 , as shown in Fig. 5 , Q = 40 is not enough to correctly capture the filament shape, while Q = 140 produces a configuration more in line with those in Fig. 3 .
The buckling of a filament can be investigated further by examining the evolving body-frame tangent angle. By fitting Chebyshev polynomials to the tangent angle along the filament at a time t, allowing for 5% interpolation error, we can assess the evolution of both the order ter G, various sedimentary buckling modes can be observed. In Fig. 7 , a stable "U" filament configuration emerges over time. For large values of G > 3000, a metastable "W" configuration forms, which transitions into a stable "U" horseshoe shape (see Fig. 8 , in which G = 3500). Such behavior has previously been observed by Delmotte et al. [3] and Cosentino
Lagomarsino et al. [41] , who witnessed buckling at the same threshold value for their identical elasto-gravitational parameter. This transition shifts the filament's center of mass to the left, creating an asymmetry which is then partially resolved as the horseshoe equilibrium configuration is reached. . At select time points during its rotation, a Chebyshev polynomial T n (θ body (t)) is calculated, with order n being such that T interpolates the tangent angle curve within a 5% error bound. The polynomial is calculated using the chebfun MATLAB R package [39, 40] . In (a) and (b), the tangent angle of a single filament undergoing buckling is captured relative to the body frame at four time points during its rotation. Each subplot indicates the shape of the filament viã θ body (t) =θ [m] (t) −θ [m] (t), the values of the interpolating Chebyshev polynomial at discrete segment midpointss [m] , and its' order O(T ). In (c) and (d), the number and magnitude of Chebyshev coefficients for each of the polynomials is presented, for V = 5 × 10 3 and 4 × 10 4 respectively. 
C. Results: a single active filament
In the following section, we consider swimming in a stationary fluid caused by two types of traveling-wave beats, (1) worm-like sinusoidal motion m 1 (s, t), and (2) a sperm-like beating pattern m 2 (s, t), given respectively by
where m 0 and k are the dimensionless amplitude and wave number respectively. By choosing 
in which T = 2π is the period of the driving wave and X For a sperm-like swimmer (left panel of Fig. 9 ), swimming speed increases as m 0 and S are increased in tandem for a fixed wave-number k = 4π. This is in contrast to worm-like swimmers (right panel of Fig. 9 ), in which there is a clear optimal choice of m 0 for a given S to induce fastest swimming. Shape profiles for the fastest swimmers of each swimming type are also displayed in Fig. 10 .
D. Results: multiple passive filaments in shear flow
Motivated by the work of Young [43] , two filaments of equal length are placed into a linear shear flow so that their initial midpoints X(s = 1/2, t = 0) intersect the line y = 0. For two filaments characterized by the same viscous-elastic parameter
, non-local hydrodynamic interactions lead to geometric asymmetry, as seen in Fig. 11 . The value of also has a significant role in the dynamics of each filament. The shapes of initially close filaments evolve in tandem, assuming similar geometries at a given moment in time (row one of Fig. 11 ). Increasing the separation distance results in a decoupling of the filament shape profiles (row two of Fig. 11 ). The EIF allows for each filament's characteristic parameter The shape difference between two filaments is quantified using the Procrustes measure, which is calculated using the procrustes MATLAB R command. Higher values indicate a larger degree of dissimilarity between the two filaments [42] . As V is increased, hydrodynamic interactions through the fluid cause larger levels of asymmetry between the filaments during the period of maximum buckling (when they are perpendicular to the direction of shear at t ≈ 3). Additionally, the initial separation distance ∆X 0 is also varied, indicating how non-local hydrodynamic interactions decay as the filaments are moved apart.
to be independently chosen. In Fig. 12 , we highlight the variation in shape this can induce.
In each of the panels in Figs The geometric similarity between filaments can be assessed via their Procrustes score [42] , calculated using the procrustes MATLAB R command. We compare pairs of filaments initially separated by ∆X 0 = 0.5 and 1, for a range of V. Shown in Fig. 13 , an increased initial separation distance results in a higher baseline Procrustes score, but reduced hydrodynamic interactions result in lower deviation from this baseline. towards each other as they sediment due to the fact that for a slender body in Stokes flow, tangential drag is less than normal drag. For larger values of G (rows two and three of Fig. 14) the metastable and stable buckling modes observed in the single filament experiments (Figs. 7 and 8) are produced. In these systems, the interaction of multiple filaments leads to the steady-state profiles being reached sooner than in the single-filament cases. Furthermore, the onset of buckling occurs at reduced values of G when multiple filaments are interacting.
As was the case for multiple filaments in shear flow, the inter-filament spacing also has a significant effect on the resulting group dynamics, and can lead to symmetry breaking in the spatial arrangement of filaments. In Fig. 15 , two initial filament placement configurations are tested. For each setup, we initialize four filaments arranged in a grid, with horizontal them to remain in a metastable "W" shape longer than would be expected in the singlefilament case. One of the key benefits to the integral formulation framework presented is that the need for computing Lagrange multipliers of tension is removed; inextensibility of the modeled filament is already guaranteed by the use of the method of lines discretization. This results in a method that is computationally faster than many similar contemporary models. The EIF method proposed by Moreau and co-authors [1] highlighted the reduction in computational runtime attainable when using the integral formulation applied to elastodynamics, due in part to the reduction in the required degrees of freedom the integral formulation affords. Alleviating this numerical stiffness facilitates the study of non-linear problems, such as those involving filament buckling investigated in Sec. V. Additional computational costs are incurred by introducing non-local hydrodynamics to the EIF framework, in line with the increase in the dimension and density of the matrix system solved at each time-step. The BLM and the EIF with regularized stokeslets complete a relaxing rod simulation in about equivalent walltime (as expected, since both approaches compute three-dimensional non-local hydrodynamics), shown in Fig. 2c . However, to ensure small point-wise error fine discretizations need to be used with the bead model (Q > 60), whereas the EIF method performs equally well with a much coarser segmentation of the filament (Q > 20). This allows for adequately accurate results to be obtained for reduced computational cost when using the EIF with regularized stokeslets over the bead and link model.
The proposed method has the potential to quickly and accurately simulate arrays of filaments in various flows and surroundings. Using the current EIF-RSM, difficult problems, such as planar beating cilia sheets, or multiple sperm swimming in a narrow channel, can be tackled. The methods' modular framework enables such problems to be setup and executed in a simple and obvious manner. Additionally, the EIF method fits into the family of regularized stokeslet methods [34] , which are increasingly widely used for problems in biological fluid mechanics. Crucially, the computational efficiency exhibited in the single filament experiments is retained. The method could be extended by incorporating the treecode formulation of Wang et al. [44] , or equivalent methods, to coarse-grain the far-field flow, simplifying the computational cost and enabling simulation of increasingly large numbers of filaments.
In Sec. V A, it is apparent that the shape of a buckling filament can be described to a reasonable level of accuracy by a low-order Chebyshev polynomial see (Fig. 6 ). By extension, other non-linear filament geometries may potentially be described in this way. The spectral integration techniques of Muldowney & Higdon [45] would thus seem to be a natural fit to the geometric problem described in this manuscript, potentially paving the way to further improvements in efficiency and scalability. In summary we hope that the integral operator formulation of elastohydrodynamics will be valuable in biological fluid dynamics and beyond.
VII. SUPPLEMENTARY MATERIAL
The MATLAB Based upon work by Jayaraman et al. [2] , a filament is modeled as a chain of spherical spring-connected beads, with elastic and inextensibility properties accounted for by a prescribed force potential at each bead. Bead and link models have been used extensively in polymer modeling [46] [47] [48] , where fiber inextensibility is often less essential [3] . A sketch of the construction is given in Fig. 18 . For a chain of N beads placed along the arclength of a filament, the n th bead experiences the force 
is the size of the bond vector between connected beads. The non-dimensional parameter governing the filament flexibility is
where k is the Hookean spring constant of the structural springs. To ensure inextensibility of the filament, a very high spring constant is typically required. Employing the method of regularized stokeslets [33, 34] , the dimensionless velocity of each bead is given ∂ t X To assess the BLM formulation, a planar relaxing low-amplitude parabolic filament is considered, which, assuming a local hydrodynamic drag law, can be expressed as a system of partial differential equations
∂ xx y(0, t) = ∂ xx y(1, t) = 0, for t > 0,
∂ xxx y(0, t) = ∂ xxx y(1, t) = 0, for t > 0,
y(x, 0) = g(x), for x ∈ [0, 1],
where g defines the deformed initial condition of the filament. The normal resistive force coefficient is ξ ⊥ = 4πµ log(2q/a) + 0.5 ,
where a is the radius of the filament and q is the characteristic wavelength of deformation, set to be L/2. The system given by Eqs. (A5), (A6), (A7) and (A8) is numerically implemented using a finite difference scheme, employing second-order central differences in space and the backward Euler method in time. Results of the comparison between this implementation and bead and link model are presented in Fig. 18 . The initial larger error between these two methods is due to the "leakiness" a coarsely discretized filament exhibits when modeled using the bead and link method; an artifact of the bead-wise construction of the BLM. For a large number of beads N , the bead model is accurate, with clear convergence to the numerical hyper-diffusion equation model (Fig. 19 ). 
and we write the tangent operator tt as (tt) [i] . Ordering the tangent and velocity vectors as T = t 
allows a 2Q × 2Q system of equations to be written. Using Eq. B2 enables calculation of point velocities by applying the inverse of the resistive force coefficient matrix; that is
where F = f 
